Chirality selective spin interactions mediated by the superconducting
  current by Rabinovich, D. S. et al.
Chirality selective spin interactions mediated by the moving superconducting
condensate.
D. S. Rabinovich,1, 2 I. V. Bobkova,3, 2 A. M. Bobkov,3 and M.A. Silaev4
1Skolkovo Institute of Science and Technology, Skolkovo 143026, Russia
2Moscow Institute of Physics and Technology, Dolgoprudny, 141700 Russia
3Institute of Solid State Physics, Chernogolovka, Moscow reg., 142432 Russia
4Department of Physics and Nanoscience Center, University of Jyva¨skyla¨,
P.O. Box 35 (YFL), FI-40014 University of Jyva¨skyla¨, Finland
(Dated: October 30, 2018)
We show that superconducting correlations in the presence of non-zero condensate velocity can
mediate the peculiar interaction between localized spins that breaks the global inversion symmetry
of magnetic moments. The proposed interaction mechanism is capable of removing fundamental
degeneracies between topologically distinct magnetic textures. For the generic system of three mag-
netic impurities in the current-carrying superconductor we find the energy term proportional to
spin chirality. In realistic superconductor/ferromagnetic/superconductor setups we reveal signifi-
cant energy differences between various magnetic textures with opposite chiralities. We calculate
Josephson energies of junctions through left and right-handed magnetic helices as well as through
the magnetic skyrmions with opposite topological charges. Relative energy shifts between otherwise
degenerate magnetic textures in these setups are regulated by the externally controlled Joseph-
son phase difference. The suggested low-dissipative manipulation with the skyrmion position in a
racetrack geometry can be used for the advanced spintronics applications.
I. INTRODUCTION
Indirect interactions between localized magnetic mo-
ments mediated by conductivity electrons has been stud-
ied quite intensively since the pioneering works predicting
the so-called Ruderman-Kittel-Kasuya-Yosida (RKKY)
coupling1–3. Most of the attention has been focused
on various pairwise interactions1–4 between spin mag-
netic moments m1,2 such as the usual exchange E =
Jex(m1 ·m2) or the Dzyaloshinskii-Moriya (DM) term5–7
E = D12(m1 ×m2) which arises in system with broken
inversion symmetry. All pairwise contributions to the
interaction energy have the common property of being
invariant with respect to the global magnetization in-
version E(m) = E(−m). This symmetry leads to the
fundamental degeneracies between topologically distinct
magnetic systems which cannot be transformed into each
other by the global spin rotations around the symmetry
axes. The prominent example is the degeneracy between
left-handed (upper sign) and right-handed (lower sign)
magnetic spirals described by the model
m(x) = ±x cosα+ sinα(y cos θ + z sin θ) (1)
with θ(x) = qx and α = const. If we assume that there is
a global spin rotation symmetry around x-axis then none
of the previously known magnetic interactions can yield
different energies of the magnetization distributions (1).
Even more interesting is the setup with magnetic
skyrmion8,9 described by the spin texture
m = (cos Φ(θ) sin Θ(r), sin Φ(θ) sin Θ(r), cos Θ(r)) (2)
where (θ, r) are the polar coordinates. The azimuthal
structure corresponds to the magnetic vortex given by
Φ(θ) = κvθ + νpi/2, where the integer κv is vorticity
and ν = ±1 is the helicity determined by the sign of
Dzyaloshinskii Moriya interaction8. The spin at the core
points up (down) while at the perimeter it tends to rotate
to the opposite direction. The states with [cos Θ(r)]∞0 =
±2 correspond to different polarity10. These two options
lead to the different topological charges Q = ±κv char-
acterizing two energetically degenerate magnetic states.
The sign of topological charge determines the flux of
emergent magnetic field and thus the sign of topological
Hall resistivity measured in experiments11–13. From the
general definition of topological charge Q = 14pi
∫
d2r m ·
(∂xm×∂ym) one can see that in the absence of external
magnetic field none of previously known spin interactions
can remove the degeneracy with respect to Q → −Q
due to the magnetization inversion m→ −m. The pro-
posed chirality-selective interaction will be shown to fix
the ground state value of polarity and therefore Q thus
providing in principle the field-independent contribution
to the topological Hall effect.
In this paper we point out the fundamental spin inter-
action which removes the above-mentioned degeneracies
between magnetic textures. This contribution appears in
the presence of moving superconducting condensate, or in
other words the current-carrying superconducting corre-
lations. The possibility of such interaction can be under-
stood from the symmetry arguments. Let us consider the
generic example of three magnetic moments m1,2,3 local-
ized at spatially separated points in the metal which does
not contain other magnetic moments and in the absence
of external magnetic field. The energy proportional to
spin chirality Ech = Eam1 · (m2×m3) is possible only if
the scalar prefactor Ea changes the sign under the time-
reversal transformation T . Since we assume that there
are no other magnetic moments in the host metal, such
scalar Ea 6= 0 cannot be constructed in the normal state.
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2In the next Section we demonstrate this by the explicit
calculation. However the T -odd scalar exists in super-
conducting state where the condensate moves with non-
zero velocity vs 6= 0. This state breaks the time reversal
symmetry and one can choose Ea to be the projection
of superfluid velocity on the some anisotropy axis de-
termined e.g. by the spatial configuration of magnetic
impurities. Thus in superconducting states with vs 6= 0
chirality-selective triple spin interactions are generically
possible14. In addition to the projection of vs the am-
plitude of Ea contains prefactor determined by the dis-
tance between impurities as demonstrated in this paper.
In principle one can expect that even in the normal mag-
netic system the spin-transfer torques mediated by resis-
tive currents can depend on the spin chirality. However,
this is a non-equilibrium effect which is beyond the scope
of the present paper.
The mechanism discussed above can be very impor-
tant for different hybrid ferromagnet/superconductor
(FM/SC) structures as well as for the interacting
magnetic impurities in superconductors15–20 and mag-
netic adatoms placed on top of the superconducting
surface21–32. Such systems are in the focus of attention
nowadays in connection with topological quantum com-
putations and advanced spintronics applications based
on the low-dissipative manipulations with magnetic tex-
tures.
The paper is organized as follows. In Sec. II we con-
sider the generic mechanism of triple spin interactions by
the example of three magnetic moments located at spa-
tially separated points. In Sec. III the contribution of
triple spin interactions to the Josephson energy of junc-
tions via magnetic helices and skyrmions is calculated.
Sec. IV is devoted to the discussion of the results and
their possible applications.
II. GENERIC EXAMPLE OF TRIPLE SPIN
INTERACTIONS
Let us assume that three magnetic impurities with
moments m1,2,3 residing at the points rl = (xl, 0, 0)
with x1 = 0, x2 = d, x3 = 2d along the x-axis
(Fig.1a). They are described by Hamiltonian Jδ(r −
rl)(σml) giving rise to the following contribution to the
free energy of the system E = J
∑
lml · s(rl) where
s(rl) = (T/4)
∑
ω Tr[σGˆ(ω, rl, rl)] is the average spin
density of conducting electrons at the point rl expressed
through the Matsubara Green function Gˆ(ω, r, r′) which
in general depends in two coordinates r and r′. The
non-zero contribution to E containing triple product of
m1,2,3 is provided by the second-order correction to the
GF Gˆ(2)(ω, r, r′) = J2
∑
k 6=j(σmk)(σmj)Gˆ
(0)(ω, r −
rk)Gˆ
(0)(ω, rk − rj)Gˆ(0)(ω, rj − r′), where Gˆ(0)(ω, r) is
the GF of the superconductor without magnetic impu-
rities taking into account the modification of spectrum
due to the condensate velocity. Then the unusual contri-
bution into the interaction energy which involves three
magnetic moments takes the form
Ech =
iJ3
4
T
∑
ω
∑
l 6=k 6=j
ml · (mk ×mj) (3)
Tr
[
Gˆ(0)(ω, rl − rk)Gˆ(0)(ω, rk − rj)Gˆ(0)(ω, rj − rl)
]
This equation can be transformed as
Ech = m1 · (m2 ×m3) iJ
3
4
T
∑
ω
Tr[ (4)
Gˆ(0)(12)Gˆ(0)(23)Gˆ(0)(31)− Gˆ(0)(13)Gˆ(0)(32)Gˆ(0)(21)+
Gˆ(0)(23)Gˆ(0)(31)Gˆ(0)(12)− Gˆ(0)(21)Gˆ(0)(13)Gˆ(0)(32)+
Gˆ(0)(31)Gˆ(0)(12)Gˆ(0)(23)− Gˆ(0)(32)Gˆ(0)(21)Gˆ(0)(13)]
where we denote Gˆ(0)(kj) = Gˆ(0)(ω, rk − rj). This ex-
pression can be simplified as follows
Ech(d) =
3iJ3χ
4
T (5)∑
ω
Tr[Gˆ(0)(ω,−d)Gˆ(0)(ω,−d)Gˆ(0)(ω, 2d)−
Gˆ(0)(ω, d)Gˆ(0)(ω, d)Gˆ(0)(ω,−2d)]
where χ = m1 · (m2 ×m3) is the scalar spin chirality
and Gˆ(ω, x) are the Matsubara Green’s functions (GF)
taken along the x axis at y = z = 0. The non-zero
triple interaction Ech 6= 0 appears in the presence of
condensate velocity which we assume to be directed as
vs = vsx. In the momentum-space representation of GF
the frequency acquires Doppler shift ω˜ = ω + i(pFvs),
where pF is the Fermi momentum. We expand the GF
to the first order by the Doppler shift Gˆ(0) = G
(0)
0 +G
(0)
1 .
In momentum space the GF at vs = 0 is given by G
(0)
0 =
(ξpτ3−iωτ0+∆τ1)/(ξ2p+ω2+∆2) where ξp = vF (p−pF ),
and vF is the Fermi velocity. The correction to the first-
order in condensate velocity is G
(0)
1 = i(pFvs)dG
(0)
0 /dω.
Next, we calculate the real-space representation GF
Gˆ
(0)
0 (x) = (6)
piN0
e−Ω|x|/vF
pF |x| [τ3 cos(pFx) + iτ3gˆ sin(pF |x|)]
Gˆ
(0)
1 (x) =
ipiN0
pFx
(vspF )e
−Ω|x|/vF cos(pFx)τ3
dgˆ
dω
(7)
where N0 is the Fermi-level density of states, gˆ = (ωτ3 +
∆τ1)/Ω, where Ω =
√
ω2 + ∆2. Substituting expressions
(6), (7) to Eq.(5) we obtain the triple energy as a function
of the distance between localized spins.
First of all let us discuss the general result for the triple
interaction which is obtained from Eq.(5) in the first or-
der by the condensate velocity
Ech(d) = 3χpF vs∆
2 (piN0J)
3
X3
T
∑
ω
e−4dΩ/vF
Ω3
(8)
3FIG. 1. (a) System of three magnetic impurities. (b)
Chirality-sensitive contribution into the interaction energy,
E0 = pF vs(N0J)
3.
where we denote X = pF d. From Eq.(8) it is clear that
the triple energy vanishes in the normal state ∆ = 0 as
it should be according to the general symmetry consid-
eration in the Introduction.
Now let us consider the limiting case of small temper-
atures T  ∆ and distances ∆d/vF  1. Then we can
integrate Eq.(8) over the Matsubara frequencies to get
Ech(d) = 3χpF vs
pi2(N0J)
3
2X3
(9)
Note that remarkably we get the result which does not
contain Friedel oscillations with the scale of the Fermi
wavelength. This shows that the triple spin interaction
is mediated exclusively by the Cooper pairs without the
participation of single-particle excitations.
This dependence is shown in Fig.1b with red and
black curves corresponding to the opposite chiralities
χ = ±1. This interaction is much smaller than the usual
RKKY exchange which has the amplitude of the order of
Eex ≈ EF (N0J)2/(pF d)2, where EF is the Fermi energy.
Therefore Ech/Eex ∼ N0J(vs/vF )(1/pF d). This ratio
contains three small parameters because the perturbation
theory that we used is valid when N0J  1. In addition,
the condensate velocity is always much smaller than the
Fermi velocity vs  vF and the distance between spins
is larger than the Fermi wavelength pF d > 1. However,
in contrast to the usual exchange interaction the energy
Ech breaks the symmetry with respect to χ = ±1 so
that even if its amplitude is small it can provide the new
way of controlling magnetic structures such as magnetic
helices and skyrmions discussed below.
III. ANOMALOUS JOSEPHSON ENERGY
A. Model
This interaction mechanism (8,9) is fundamentally dif-
ferent from usual exchange and DM interactions. It can
show up in various systems hosting magnetic moments
and the superconducting condensate with non-zero ve-
locity. The important subclass of such systems are the
Josephson junction with spin-textured interlayers. The
analog of condensate velocity in Josephson systems is
the phase difference between superconducting electrodes.
Thus for the fixed phase difference one can expect the
energy shift between magnetic structures with opposite
chiralities. In particular, the discussed chiral contribu-
tion leads to the fact that the dependence of the free
energy on the phase difference becomes asymmetric, as
it was demonstrated in Ref. 33. Examples that we con-
sider here include left- and right-handed magnetic spi-
rals (1) and magnetic skyrmions with opposite topologi-
cal charges (2).
In case of the weak proximity effect with large interface
barrier the Josephson current-phase relation (CPR) can
be expressed as
j = jo sinϕ+ ja cosϕ. (10)
Here the first term is the ordinary contribution with the
amplitude jo. The second term with anomalous phase
shift is in general proportional to the spin chirality ja ∝ χ
which can be introduced in various different ways de-
pending on the particular system under consideration.
The anomalous Josephson effect (10) with ja 6= 0
can be considered as the inverse magnetoelectric effect.
In superconducting systems magnetoelectric effects are
especially interesting, because they can manifest itself
in many different ways. Responding to the applied
exchange field superconducting systems with spin-orbit
coupling (SOC) can generate a spontaneous current34–38,
or experience a transition to the phase modulated he-
lical state39–44. The particular type of the response
depends on the geometry of the system. The anoma-
lous Josephson effect is a manifestation of the magneto-
electric effect, specific for Josephson junctions. It was
proposed for SOC interlayers under the applied mag-
netic field and for Josephson junctions with noncopla-
nar magnetic interlayers33,45–68 or under the nonequi-
librium quasiparticle injection69. This effect has been
recently observed in the Josephson junctions with spin-
orbital interaction70–72. The signatures of anomalous
shift have been seen in the trilayer ferromagnetic Joseph-
son structure73. The interpretation of the anomalous
phase shift in terms of the inverse magneto-electric ef-
fect was proposed in64.
The anomalous current term in (10) can be rewrit-
ten in the form j = jc sin(ϕ − ϕ0) with jc =
√
j2o + j
2
a
and tanϕ0 = −ja/jo. This leads to appearance of the
anomalous contribution to the Josephson energy 2eEJ~ =
jc[1− cos(ϕ− ϕ0)]:
2eEJ
~
=
√
j2o + j
2
a − jo cosϕ+ ja sinϕ. (11)
The last term here provides the anomalous energy con-
tribution and it has different signs for the spin textures
of different chirality. Below we calculate the amplitudes
jo, ja using the powerful machinery of quasiclassical Us-
adel theory74, which works in weak ferromagnets when
the exchange splitting is much smaller than the Fermi en-
ergy. This condition is satisfied for the transition-metal
4compounds of the MnSi family, where the exchange field
can be estimated as h ∼ 100 meV being is much less than
the Fermi energy ∼ 1eV75,76
Previously, no anomalous Josephson effect has been
found in a number of works which considered non-
coplanar structures, such as magnetic spiral77, vortex78
and skyrmion79 in ”weak FMs”, that is described within
the quasiclassical Usadel theory80,81. The general rea-
son for that as identified recently67 is the artificial sym-
metry j(m) = j(−m) which appears in quasiclassical
equations. Together with the time-reversal symmetry
j(m, ϕ) = −j(−m,−ϕ) it leads to the symmetry of
the Josephson current j(ϕ) = −j(−ϕ), which prohibits
the anomalous current. In order to get rid of this sym-
metry we assume the presence of interface spin-filtering
barriers characterized by the dimensionless polarization
vector P . Such barriers can be described by the ef-
fective boundary conditions82–84. In this case the sit-
uation j(m,P ) 6= j(−m,−P ) is possible. This trick
allows for breaking the symmetry of Josephson current
j(ϕ) 6= −j(−ϕ) and, consequently, for the realizations of
the anomalous Josephson effect. Simultaneously this al-
lows for extending the range of suitable materials which
can be found in the B20 family of itinerant cubic heli-
magnets, MnSi, (Fe,Co)Si, and FeGe85–87.
To analyze a proximity effect in FS system we con-
sidered linearized Usadel equation for the quasiclassical
anomalous function which takes into account triplet and
singlet superconducting correlations81. We presented
anomalous function in the ferromagnetic region in the
form fˆ = f0σˆ0 + fxσˆx + fyσˆy + fzσˆz. In this expan-
sion the first term corresponds to the singlet component
and the last three terms correspond to the triplet compo-
nents. As we focus here on the equilibrium problem we
work in the Matsubara frequency ω representation. The
equations for coefficients fi are (for ω > 0):
(D∇2x − 2ω)f0 − 2ih · f = 0, (12)
(D∇2x − 2ω)f − 2if0h = 0
where f = (fx, fy, fz). Spin-filtering barriers at SC/FM
interfaces are described by the generalized Kuprianov-
Lukichev boundary conditions88, that include spin-
polarized tunnelling at the SF interfaces89–92
(γ∂n +GS)f = −iGS(P × f) (13)
(γ∂n +GS)f0 =
√
1− P 2FS
where FS = ∆/
√|∆|2 + ω2 and GS = ωFS/∆ are the
anomalous and normal GF in the superconducting region,
∂n = ∓∇x corresponds to the left and right interfaces,
at x = 0 and x = d respectively. Here D is diffusion
coefficient, h ‖ m is the exchange field parallel to the
magnetization direction, ω is the Matsubara frequency.
The current is given by
ej
2piTσn
=
∑
ω>0
Im(f∗0∇f0 − f∗t ∇ft) (14)
The simplest example of SC/FM/SC system which
supports anomalous Josephson effect consists of the spin-
filter barrier with polarization P and two weak FMs with
misaligned magnetizations m1,2. It has been shown
67,93
that the anomalous current in such system looks like
jan = χIan cosϕ, where the chirality is χ = P · (m1 ×
m2). The corresponding term in Josephson energy reads
Ech =
~
2e
Ian sinϕP · (m1 ×m2) (15)
For the simplest trilayer structure under the conditions
of the fixed phase difference the energy (15) fixes the sign
of χ in the ground state.
Introducing the spin filtering barrier with a polariza-
tion P is not the only way to violate the symmetry
j(−m) = j(m) in a trilayer Josephson setup and, conse-
quently, to have the anomalous Josephson current. There
are a number of papers, where the anomalous contribu-
tion to the Josephson current in S/F/S junctions with
a trilayer magnetic interlayer has been obtained in the
framework of other models33,46,47,49,52,54,63,67. Here we
reproduce this known result in the framework of the
model with two weak FMs with misaligned magnetiza-
tions and a spin-filtering barrier just because it is in line
with our main consideration of spin-textured ferromag-
netic interlayers presented below.
In setups which are more complicated than the model
layered Josephson structure the expression for anomalous
energy can be more involved, but still it has the same
general feature of being odd in the magnetic momentum
and containing the superconducting phase difference of
the condensate velocity to restore the time invariance.
Such unusual energy contributions can lead to the inter-
esting effects removing the degeneracy by energy between
otherwise degenerate spin textures.
B. Magnetic helix
Let us consider the example of the helical magnetic
configuration described by the pattern (1). The sketch
of the system is presented in Fig. 2 a,b. In addition, we
assume that there are spin-filtering barriers described by
the polarizations Pl and Pr at the left (x = 0) and right
(x = d) FM/SC interfaces, respectively. We demonstrate
that the chiral spin interaction given by the last term in
Eq.(11) selects the particular chirality of magnetic con-
figuration, that is the sign of the first term in (1). Given
that the system has an additional global spin rotation
symmetry this is equivalent to the change in the sign of
θ or the swirling direction of the magnetization deter-
mined by the sign of azimuthal angle gradient θ′ ≡ ∇xθ.
1. Analytical consideration
Generally the homogeneous Eqs.(12) have the solutions
of two types which are the short-range and long-range
5(a) χ1 > 0
(b) χ1 < 0 E
ch
(ϕ
=
pi
/2
)/
E
J
0
θ′ d
(c)
FIG. 2. (Color online) (a,b) Josephson junctions through the left- and right-handed magnetic helices characterized by the
chiralities χ1 > 0 and χ1 < 0, respectively. The interface barrier polarizations P is assumed to be aligned with the local
magnetization Pl ‖m(x = 0) and Pr ‖m(x = d). (c) Chiral contribution Ech(ϕ = pi/2)/EJ0 to the Josephson energy for the
junction via magnetic helix. Black and red lines correspond to different chiralities sgnχ1 = ±1. The numerical parameters are
P = 0.5, α = pi/4, γ = 1, h = 40.
modes with the scales ξh =
√
D/2h and ξω =
√
D/2|ω|
correspondingly. Hereafter we assume that ξh is the
smallest length of the problem such that the spatial de-
pendencies of exchange field and geometrical factors are
characterized by the scales  ξh. Under such conditions
we search for the short-range solutions of Eqs.(12) in the
form ft = mfsr, wherem is the local direction of magne-
tization/exchange field, and at the left interface we find
f0(x) = X1e
−λx +X2e−λ
∗x (16)
fsr(x) = X1e
−λx −X2e−λ∗x, (17)
where λ = khe
ipi/4, kh = ξ
−1
h and the coefficients X1,2
determined by the boundary conditions.
The structure of long-range modes cannot be deter-
mined analytically for the general magnetization pattern.
Here we consider the particular case of magnetic helix (1).
The two long-range modes are given by the superposition
flr = fθnθ + fαnα (18)
in terms of the two orthogonal vectors
nθ = −∂θm (19)
nα = −(∂xnθ · ∂αm)∂αm (20)
which are also orthogonal tom. Note the physical reason
which explains the existence of two long-range modes is
the noncoplanar magnetic texture which generates two
independent vector fields nα and nθ orthogonal to the
magnetic texture. From these vectors nα, nθ in com-
bination with the normalized exchange field m and spin
filter polarization P one can combine three different spin
chiralities
χ1 = P · (nα × nθ) (21)
χ2 = P · (m× nθ) (22)
χ3 = P · (m× nα) (23)
Note that χ1 is qualitatively different from χ2,3. While
χ2,3 require a misalignment between the local exchange
field and the interface polarization, χ1 6= 0 even if P ‖m
at the barrier. Therefore χ2,3 are associated with the
external ”interface” chirality of the structure, and χ1 =
(Pm)χin, where χin = m · (nα × nθ) is the internal
chirality of the magnetic texture. Consequently, χ1 is
the quantity that determines the anomalous Josephson
effect in case when both the spin-filtering polarization
and spin rotation come from the same exchange field.
The CPR can be calculated analytically in long junc-
tion d > ξω and ”slow” magnetic helix θ
′  kω. It means
that the helix magnetization rotates slowly on the scale
ξN . The resulting CPR takes the form of Eq. (10) with
anomalous ja current contribution given by the superpo-
sition of three parts ja = jex+jin+jmix, where the three
contributions are determined by the different chiralities
jin ∝ (χ1l + χ1r) (24)
jex ∝ (Plml + Prmr) (χ2lχ3r − χ3lχ2r)
θ′ cosα
(25)
jmix ∝ (χ1l + χ1r)
[
χ2lχ2r +
χ3lχ3r
θ′2 cos2α
]
(26)
where χil and χir are the values of chiralities (21)-
(23) evaluated at left and right FM/SC interfaces and
ml = m(0) and mr = m(d). The amplitudes of current
contributions are given in Appendix. To understand the
physical meaning of all three terms we consider different
physical situations.
6Homogeneous ferromagnet. Interface chirality. At first
we consider the limit of homogeneous ferromagnet θ′ = 0.
In this case χ1 = 0, because it is entirely determined
by the ”internal chirality” of the ferromagnet texture.
But χ2 and (χ3/θ
′ cosα) can be nonzero due to noncopla-
narity of m and the interface polarizations Pl and Pr.
It can be easily deduced from Eqs. (25),(26) that in this
case the only nonzero contribution to the anomalous cur-
rent is ja ∼ (Plm + Prm)[m · (Pl × Pr)]. Therefore,
the anomalous current is not only proportional to the
mutual chirality m · (Pl × Pr) of the three characteris-
tic magnetic vectors existing in the system. The scalar
product Pl,rm also must be nonzero. This result has al-
ready been obtained in Ref. 67. The reason is that for a
weak ferromagnet with h  εF the ”interface chirality”
factor m · (Pl×Pr) by itself does not satisfy the symme-
try j(m) = j(−m), which appears in the quasiclassical
equations.
General case. When all chiralities are non-zero χ1,2,3 6=
0 all three terms contribute to the anomalous current.
However, in the limit ξωθ
′  1 we can neglect jin so that
ja = jex + jmix. In general jex is an even function of
θ′, therefore it does not depend on the internal chirality
of the texture and is controlled by the interface chirality.
On the contrary, jmix has different signs for the oppo-
site helix chiralities. The main role of nonzero χ2 and
χ3 here is to generate long-range spin-triplet pairs due
to noncollinearity of the internal and boundary magneti-
zations at the interfaces.
Internal chirality. Further we focus on the case when
θ′ 6= 0 but the interface polarization is aligned with the
local direction of the magnetization at each of the in-
terfaces ml,r ‖ Pl,r. Then only the internal chirality
(21) is non-zero and it is given by χ1 = Pm · (nα × nθ)
evaluated at left and right FM/SC interfaces. The full
expressions for non-zero anomalous jin 6= 0 and ordinary
current jo 6= 0 are given in the Appendix A. The answer
is especially simple for T → Tc and in the tunnel limit
γkω  1:
ejo
σn
=
2∆2
piTc
(1− P 2)e− dξN ξ
2
hξNθ
′2 sin2α cos[θ′d cosα]
γ2
(27)
jin
jo
= 2P
ξN
γ
tan[θ′d cosα], (28)
where ξN =
√
D/2piTc. It is seen that in this case the
anomalous current is an odd function of θ′ cosα. There-
fore, it is determined by the internal chirality of the
texture. In more general case it is determined by the
quantity (χ1l + χ1r), which represents the combination
of the internal chirality of the texture and the projection
of the interface polarization on the local magnetization
(Plml + Prmr).
Due to the presence of the anomalous current the state
with ϕ = 0 or ϕ = pi is no more the ground state of the
system. The ground state phase difference is determined
from the condition j = 0 and takes the form tanχ0 =
−ja/jo. In the limit θ′  kω, γkω  1 and T → Tc the
anomalous phase shift takes the simplest form
tanϕ0 = −2PξN
γ
tan(θ′d cosα). (29)
It can be concluded that the anomalous phase shift is
more pronounced for transparent junctions. It is only
non-zero for non-coplanar magnetic texture α 6= pi/2 and
is absent if the interface has no spin-filtering properties
P = 0 in accordance with the previous considerations of
the Josephson current via the magnetic helix77.
2. Numerics
Here we consider the case when only the internal chi-
rality is non-zero χ1 6= 0 while χ2 = χ3 = 0. Numer-
ically we study the parameter regions, which are not
covered by the above analytical treatment. In this sec-
tion all energies are measured in units of Tc and all
lengths are measured in units of ξN . Therefore, θ
′ is mea-
sured in units of ξ−1N . Currents are measured in units of
(∆2/16piTc)(σn/eξN ).
Typical values of ja/jo are very small. Therefore the
ground state phase difference is also very small. The
exception are the parameter regions corresponding to
vicinities of 0-pi transitions in the Josephson junction,
where the value of jo goes to zero and, consequently, the
value of the anomalous ground state phase difference can
have arbitrary values between 0 and pi.
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FIG. 3. (Color online) (a) 2D map of the ground state phase
in (d, h)-plane. The black dashed line corresponds to ja = 0,
θ′ = 1, (b) 2D map of the ground state phase in (d, θ′)-plane,
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d = 1. The other parameters are P = 0.5, α = pi/4, γ = 1 for
panels (a)-(c). (d) The color coding to panels (a-c).
7In order to explore the ground state of the junction
in detail we demonstrate the 2D color-coded plots of the
ground state phase ϕ0. Fig. 3(a) represents the phase
diagram in (d, h)-plane. The color coding of the phase is
explained in Fig. 3(d). One can see the regions of 0-state
(in yellow) and the regions of pi-state (in blue). There
are also regions of the intermediate ground state phase
between them.
The most striking feature, which can be observed from
these plots is that there are two topologically inequiv-
alent types of 0-pi transitions in the system. It is seen
that the transitions between 0 and pi states differ by the
way of the unit circle bypass, see Fig. 3(d). The green-
light blue regions (boundaries between yellow 0-regions
and blue pi-regions) correspond to the transitions via pi/2
intermediate phases and are called by type I transitions.
The red boundaries indicate transitions via 3pi/2 inter-
mediate phases and are called by type II transitions. The
type of the transition is determined by the sign of ja. All
the phase diagrams in Fig. 3 are plotted for χ1 > 0.
That is the type of the transition changes to the oppo-
site everywhere in these phase diagrams for the opposite
chirality. This statement is also valid when the depen-
dence of the anomalous current on the phase difference
ϕ is more general and not restricted by cosϕ.
The type of the transition can also be changed for a
fixed chirality due to the alternating dependence of ja on
the junction parameters: h, |θ′| and d. It is demonstrated
in Fig. 3(a), where the black dashed line corresponds to
ja = 0 and the intersections of this line with the tran-
sition lines jo = 0 give the points where the transition
type changes.
Figs. 3(b) and 3(c) represent analogous color-coded 2D
maps of the ground state phase difference ϕ0 in planes
(d, θ′) and (h, θ′), respectively. Together with Fig. 3(a)
they provide the complete picture of the ground state
phase distribution and the transition types in the system
under consideration.
As it is described by Eq. (11), the anomalous con-
tribution to the Josephson energy can be expressed via
the anomalous current as Ech = (~/2e)ja sinϕ. Fig. 2c
demonstrates the anomalous contribution Ech(ϕ =
pi/2)/EJ0, where EJ0 = (~/2e)
√
j2o + j
2
a, as a function
of |θ′| for different d. Black and red lines correspond to
different chiralities sgnχ1 = ±1. Therefore, for the par-
ticular example of the magnetic helix this figure clearly
illustrates our statement that the chiral contribution to
the Josephson energy removes the degeneracy between
opposite chiralities.
C. Magnetic skyrmion
As it was already discussed in the introduction, the
situation with the anomalous current and intermediate
ground state phase is not rare in Josephson junctions
based on S/F hybrids. The only essential condition is
the noncoplanarity of the magnetization in the system.
If this condition is fulfilled, when the ground state phase
difference should, in general, have intermediate values if
the exchange field is treated beyond the framework of the
quasiclassical theory. Below we consider another exam-
ple, namely the Josephson junction through a magnetic
skyrmion. We demonstrate the possibility of skyrmion
manipulation and detection using the effect of anoma-
lous Josephson energy term resulting from the triple spin
interactions.
Magnetic skyrmions are the topological spin textures
that can be spontaneously formed in magnetic systems
due to the various mechanisms94. Recent interest to these
objects has been stimulated by the discovery of skyrmions
stabilized by chiral interactions in ferromagnets with bro-
ken spatial inversion symmetry94–97. Owning to their
small size and high mobility using skyrmions instead of
domain walls9 has been suggested as a possible way to
significantly improve the performance of magnetic race-
track memory architectures98. Being much less sensi-
tive to the defect pinning skyrmions can be manipulated
via the spin-transfer torque under the ultra-small current
densities12,76,99.
The example of SF system featuring ground-state cur-
rents consists of the magnetic skyrmion surrounded by
superconducting material as is shown schematically in
Fig.(4a). Here arrows depict the direction of magnetiza-
tion m at a given point described by the general expres-
sion (2) with vorticity κv = 1, helicity ν = 1 and the
radial distribution cos Θ = (r2 − ξ2N/4)/(r2 + ξ2N/4).
In Fig.(4a) a skyrmion with positive topological charge
Q = 1 is shown. We study the anomalous Josephson ef-
fect in this setup and show that the anomalous Josephson
energy given by the third term in (11) removes the de-
generacy of Q = ±1 states, provided that the Josephson
phase difference is kept fixed. That is, depending on the
sign of ja amplitude either the skyrmions with Q = +1 or
Q = −1 with the fixed vorticity κv become energetically
cheaper. This feature makes the proposed energy con-
tribution qualitatively different from the DM interaction
which although selects the vorticity and helicity values
but does not fix the polarity and therefore allows for the
overall sign change of Q under the global magnetization
inversion.
From the general symmetry arguments one can see that
the direction of spontaneous current shown in Fig.4(b,c)
is determined by the topological number Q but is not
sensitive to the value of helicity ν. To demonstrate that
one can consider the pi-rotation of the whole SC/FM sys-
tem with skyrmion texture shown in Fig.(4a), around the
x-axis. This transformation flips the direction of circulat-
ing current j together with the sign of Q. The invariance
with respect to helicity ν change can be understood by
looking at the system reflected in xy plane. The mirror
images of charge currents circulating in xy plane keep
the same direction. At the same time this transforma-
tion flips the signs of mx,y components resulting in the
sign change of ν while the component mz together with
the topological charge Q remains intact.
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To illustrate the above general arguments we describe
weak proximity effect in the ferromagnetic layer by the
linearized Usadel theory (12,13,14). The spin-filtering ef-
fect is determined by the barrier polarization P with the
amplitude 0 < P < 1. Here in order to keep the topology
of magnetic configuration we assume that barrier polar-
ization is parallel to the local value of the exchange field
at the SC/FM interface P ‖m. Hence the sign of Pz pro-
jection is determined by the topological charge: Pz < 0
for Q = 1 and Pz > 0 for Q = −1.
In order to find spontaneous currents in this system
we solved numerically the linear boundary value prob-
lem (12,13,14) with magnetization distribution (2). We
consider different widths of the ferromagnetic layer d and
the shift of magnetic skyrmion xsk with respect to the su-
perconducting electrodes. We have solved the system of
linear partial differential equations at the finite element
framework100.
The examples of supercurrent distributions at two dif-
ferent skyrmion positions marked by the red cross are
shown in Figs.(4b,c) Current density here is normalized
by its maximal value reached at the SC/FM interfaces.
One can see that the skyrmion shifted from the center to
xsk 6= 0 generates net current between superconducting
electrodes. For the skyrmion at the geometrical symme-
try point xsk = ysk = 0 the current density is finite but
the net current is absent.
We study the net current as function of parameters
d, xsk, where shifting the skyrmion along the line ysk = 0.
The CPR obtained within the linearized theory have the
exact form (10) without admixture of higher harmonics.
The anomalous current generates the spontaneous phase
shift ϕ0. The behavior of the ground state phase shift
ϕ0(d, xsk) generated by the skyrmion with topological
chargeQ = 1 is shown in Fig.4d as a function of the width
of ferromagnetic layer d and the skyrmion shift xsk along
the junction. First of all one can see that the non-trivial
state with ϕ0 6= pin is possible and in fact is a rather
9generic one. It exists elsewhere in the parameter space
except for the symmetry point xsk = ysk = 0. In this
case the system has the magnetization-inversion symme-
try determined by the real space pi-rotation around the
x axis. As we discussed above in this case ϕ0 state is
absent.
Of particular interest is the possibility to realize a tun-
able ϕ0-junction where we can set an arbitrary equilib-
rium phase difference by shifting the skyrmion within
the spacer between superconducting leads. In Fig.4(d)
one can see that the system demonstrates the possibility
to obtain an arbitrary value of the ground state phase
near the 0−pi crossover as a function of d and xsk. Com-
paring Figs.3 and 4d one can see that this behavior is
similar to that obtained in the setup with magnetic helix
considered above.
The Josephson energy at the fixed phase difference
ϕ = pi/2 is shown in Fig.4 for Q = ±1. One can see that
this energy removes the degeneracy ofQ = ±1 states. For
the fixed phase difference and in the absence of the pin-
ning forces the minimum Josephson energy determines
the equilibrium position of the skyrmion with respect to
the superconducting electrodes. Thus, the equilibrium
position of skyrmion is determined by the Josephson en-
ergy minimum and can be controlled by the tuning the
phase difference. With increasing phase difference from 0
to pi/2 the skyrmion shifts from the center to the energy
minimum coordinate shown in Fig.4d.
IV. CONCLUDING REMARKS
Besides fundamental importance the suggested spin in-
teraction mechanism can have several practical applica-
tions. Recently the current-driven skyrmion dynamics
has attracted large interest as the possible route to low-
power manipulation of magnetic textures8,9. First, one
can use the anomalous Josephson effect for the fast detec-
tion of skyrmions moving along the ferromagnetic tape
in a skyrmion racetrack memory design,9,98. Such su-
perconducting skyrmion detector can be realized using
the system geometry shown schematically in Fig. (4)a.
At the fixed Josephson current, e.g. j = 0 the phase
difference across the junction depends on the skyrmion
position through ϕ = ϕ0(xsk) so that moving skyrmion
should generate the voltage pulse UJ(t) between super-
conducting electrodes. In the limit of large junction
resistances one can neglect the normal current contri-
bution and estimate this voltage as UJ = −~∂tϕ0/2e
where ∂tϕ0 = ∂txsk∂xskϕ0. Using this effect it is pos-
sible to detect the individual skyrmions passing through
the Josephson junction while moving along the ferromag-
netic layer.
The inverse effect can be used for moving skyrmions
with the help of dissipationless superconducting current.
As we discussed above for the setup in Fig.(4)a, the equi-
librium skyrmion position relative to the superconduct-
ing electrodes depends on the Josephson phase difference.
This effect is fact determined by the finite width of super-
conducting electrodes, which e.g. is equal to 2ξN for the
geometry used for producing the results in Figs.(4)b-e.
If SC electrodes are very wide the system can be consid-
ered as translational invariant along the x-axis. In this
case, provided we can neglect the pinning force there is
no equilibrium position of skyrmion and it moves contin-
uously along x axis with the drifting velocity determined
by the balance of the effective spin-torque term and/or
Gilbert damping. The force acting on the skyrmion from
the supercurrent results from the adiabatic spin torque
mechanism. Its analytical expression can be obtained in
case of the strong ferromagnet using the formalism of ex-
tended quasiclassical theory101. The anomalous chirality-
selective energy contribution results in the force having
opposite directions for skyrmions with Q = ±1.
The considered examples demonstrate that triple spin
interaction energetically prefers one of magnetic textures
with opposite chiralities, otherwise degenerated. In gen-
eral, such interaction arises in noncoplanar magnetic tex-
tures. Therefore, it is completely different from the situ-
ation in thin magnetic films102–104, where left-handed or
right-handed plane Neel domain walls are preferred by
the combination of magnetostatic and DM energies. As
opposed to the considered here noncoplanar textures, for
the plane textures it is not possible to ascribe a definite
chirality defined as a mixed product m1 · (m2 ×m3) to
a particular texture. It is only possible to distinguish be-
tween left-handed and right-handed textures. Due to the
absence of this chiral invariant the left-handed and right-
handed plane textures are still degenerated with respect
to the global magnetization inversion.
In the present paper we have demonstrated that the
widely known anomalous Josephson effect via a noncopla-
nar magnetic trilayer structure is a particular manifes-
tation of a general triple spin interaction mechanism,
which works for any noncoplanar magnetic system be-
yond the Josephson field. We would like also to note
that in Refs. 33 and 54 it was concluded that for the tri-
layer magnetic interlayer the noncoplanarity by itself is
not enough to obtain the anomalous Josephson effect. It
was claimed that the internal scattering barriers play an
instrumental role in creating this effect. We believe that
it is a consequence of a particular choice of a model sys-
tem to investigate. By considering the simple example of
three magnetic moments we demonstrate that the only
necessary condition for this interaction is noncoplanarity
of the magnetic texture.
To summarize we have introduced spin interaction
which is fundamentally different from the previous mech-
anisms. It is generated due to the indirect exchange
mediated by the moving superconducting condensate,
modulating the spin response of the conductivity elec-
trons either in the superconductor hosting magnetic im-
purities or the hybrid superconductor/ferromagnet struc-
tures with the proximity-induced superconducting corre-
lations. The generic example of three magnetic impuri-
ties demonstrates the origin and magnitude of this effect.
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The realistic Josephson devices with magnetic helix and
skyrmion provide the motivation for the future experi-
mental and practical applications. Possible advances in
spintronics effect which direction is based on the low-
dissipative manipulation and detection of skyrmions in
the Josephson racetrack geometry suggested in Fig.4.
V. ACKNOWLEDGEMENTS
We thank Sebastian Bergeret, Ilya Tokatly, Tero
Heikkila and Alexander Mel’nikov for stimulating discus-
sion. We used Matplotlib100 package to produce plots.
The work of M.A.S. was supported by the Academy
of Finland. We also acknowledge the financial support
by the Russian-Greek project No. 2017-14-588-0007-011
”Experimental and theoretical studies of physical proper-
ties of low-dimensional nanoelectronic systems” (D.S.R,
I.V.B. and A.M.B.) and the RFBR project 18-52-45011
(I.V.B. and A.M.B.).
Appendix A: Derivation of the anomalous
current-phase relations through magnetic helix
To find the amplitudes fα and fθ we project the Usadel
equation (12) to the orthogonal vectors nθ and nα to
obtain
(∇2 − θ′2 − k2ω)fθ + 2(θ′ cosα)2∇fα = 0
(∇2 − cos2 αθ′2 − k2ω)fα − 2∇fθ = 0,
where we denote kω =
√
2|ω|/D. Thus we get the long-
range modes fα,θ ∝ eζx, where ζ is given by
(ζ2 − k2ω − θ′2)(ζ2 − k2ω − θ′2 cos2 α) + (2 cosαθ′ζ)2 = 0,
(A1)
which in the limit of θ′  kω is reduced to the one ob-
tained in Ref. 77
ζ4 − ζ2θ′2(1− 3 cos2 α) + cos2 αθ′4 = 0. (A2)
Coupling short and long range modes at the
interface. First, we determine the solution for short-
range modes in the form of (16)-(17). The coefficients
can be found from the boundary conditions projected on
the m direction(
∂n +
Gs
γ
)
fsr + θ
′ sin2 αfθ =
iGs
γ
[
χ2fθ + χ3fα
]
(A3)(
∂n +
Gs
γ
)
f0 =
√
1− P 2
γ
FS , (A4)
where the chiralities χ2,3 are given by the Eqs.(22,23).
As it was already mentioned θ′  kh. Further we also
assume Gs/γ  kh. In this case the coefficients are given
by
X1 =
√
1− P 2FSl/(2γλ) (A5)
X2 =
√
1− P 2FSl/(2γλ∗) (A6)
Here we consider the vicinity of x = 0 SC/FM interface
and the opposite boundary at x = d can be described by
changing x→ d− x and FSl → FSr.
The boundary conditions that provide coupling be-
tween the long-range and short-range modes are obtained
directly from (13) and read in components
sin2α(∂n +
Gs
γ
)fθ = (±θ′ sin2 α− iGs
γ
χ2)fsr ∓Afα
(A7)
1
4
θ′2 sin2 2α(∂n +
Gs
γ
)fα = ±Afθ − iGs
γ
χ3fsr (A8)
A = −1
4
θ′2(sin 2α)2 ± iγ−1χ1GS (A9)
where the upper and lower signs describe x = 0 and
x = d interfaces, respectively. Upon writing Eqs. (A7)-
(A8) we take into account that the short-range modes
also have components fθ,sr and fα,sr along nθ and nα
directions. They are small by a factor of θ′/kh with re-
spect to the components written in Eqs. (16) and (17),
but their spatial derivatives should be accounted for in
Eqs. (A7)-(A8) and can be obtained by integrating the
Usadel equation over the spatial region 0 < x < x∗ near
the interface, where ξh  x∗  ξN . This procedure gives
us ∂xfθ,sr = 2θ
′fsr. The short-range triplet amplitude is
determined from (17) as fsr = iγ
−1√1− P 2FSImλ−1,
where FS = e
∓iϕ/2∆/
√
∆2 + ω2 is the anomalous func-
tion in the left (right) electrode.
To simplify the analytical calculations we consider the
case when the distance between SC electrodes is larger
than the decay lengths of long-range solutions ζkd > 1.
Then the long-range solutions generated at x = 0 can be
found in the form
fθ = fsr(C1e
−ζ1x + C2e−ζ2x) (A10)
fα = fsr(a1C1e
−ζ1x + a2C2e−ζ2x) (A11)
where ak = (ζ
2
k − θ′2 − k2ω)/(2θ′2(cosα)2ζk). The long-
range solutions generated at x = d interface are obtained
from Eqs. (A10)-(A11) by ak → −ak and x→ d− x.
Coefficients C1,2 are to be found from the boundary
conditions Eqs. (A7)-(A8) and take the form:
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C1 =
1
Z
{[
−A+ 1
4
θ′2 sin22α
(
ζ2 +
Gs
γ
)
a2
] [
±θ′ sin2α− iGs
γ
χ2
]
± iGs
γ
χ3
[
sin2α
(
ζ2 +
Gs
γ
)
+ a2A
]}
Z = (a2 − a1)
[
A2 + θ′2 sin4α cos2α
(
ζ1 +
Gs
γ
)(
ζ2 +
Gs
γ
)]
+A sin2α(ζ2 − ζ1)
[
a1a2θ
′2 cos2α+ 1
]
(A12)
with similar expression for C2 obtained by the symmetric
interchange of a1 ↔ a2, ζ1 ↔ ζ2 and A given by (A9).
Current in the long junction d > ξN .
Now our goal is to find the current-phase relation. In
case d > ξN in the middle of the interlayer the current
is transmitted by long-range modes, and we can rewrite
Eq. (14) as
ej
2piTσn
= − sin2α
∑
ω>0
Im
[
f∗θ ∂xfθ+
θ′2 cos2α(f∗α∂xfα + 2f
∗
θ fα)
]
(A13)
Further we analyze the limit of ”slow” magnetic helix
θ′  kω. It means that the helix magnetization rotates
slowly on the scale ξN . In this case ζ1 = ζ
∗
2 = kω +
iθ′ cosα and Eq. (A13) can be written as
ej
2piTσn
= 2 sin2α
∑
ω>0
Im
[
e−ζ1d(C1lC∗2re
−iϕ − C1rC∗2leiϕ)×{
ζ1 − θ′2 cos2α(a21ζ1 + 2a1)
}]|fsr|2,
(A14)
where C1(2)l and C1(2)r are determined by Eq. (A12) at
x = 0 and x = d interfaces, respectively.
The resulting CPR takes the form of Eq. (10) with
anomalous ja current contribution given by the super-
position of three parts ja = jex + jin + jmix. Together
with the ordinary Josephson current amplitude jo they
are given by
ejin
4piTσn
=
(
χ1l + χ1r)
θ′ sin(θ′d cosα)
cosα
∑
ω>0
(
Gs
γ
)
kωk˜ω
K
e−kωd|fsr|2 (A15)
ejex
4piTσn
= (Plml + Prmr)(χ2lχ3r − χ3lχ2r)cos(θ
′d cosα)
θ′ cosα sin2α
∑
ω>0
(
Gs
γ
)3
kωk˜ω
K
e−kωd|fsr|2 (A16)
ejmix
4piTσn
= −(χ1l + χ1r) [χ2lχ2r + χ3lχ3r
θ′2 cos2α
] sin(θ′d cosα)
θ′ cosα sin4α
∑
ω>0
(
Gs
γ
)3
kωk˜ω
K
e−kωd|fsr|2 (A17)
ejo
4piTσn
=
∑
ω>0
kω
K
e−kωd|fsr|2
k˜2ω +
(
Gs
γ
)2
(Plml)(Prmr)
sin2α
(A18)
[
cos[θ′d cosα]
{
sin4αθ′2 −
(
Gs
γ
)2
(χ2lχ2r +
χ3lχ3r
θ′2 cos2α
)
}
+
(
Gs
γ
)2
sin[θ′d cosα]
θ′ cosα
(χ2rχ3l − χ2lχ3r)
]
. (A19)
where ml = m(0) and mr = m(d) are the
magnetizations at the FM/SC interfaces, K =[
(k˜2ω − (GsPlml/γ)2
] [
(k˜2ω − (GsPrmr/γ)2
]
and k˜ω =
kω +Gs/γ.
In case when θ′ 6= 0 but ml,r ‖ Pl,r only the inter-
nal chirality (21) is non-zero and it is given by χ1 =
Pm(nα × nθ). Then the only nonzero contribution to
the anomalous current is jin, which takes the form
ejin
2piTσn
=
8∆2P (1− P 2) sin[θ′d cosα]θ′2 sin2α
k2h
×
∑
ω>0
(Gs
γ
)3 kωk˜−kωdω
ω2
[
k˜2ω −
(
PGs/γ
)2]2 (A20)
The answer is especially simple for T → Tc and in the
tunnel limit γkω  1 we get the Eq.(28). In the same
limit the ordinary Josephson current amplitude (A19)
reduces to the simpler expression (27).
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